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Abstract: We define a large new class of conformal primary operators in the ensemble
of Brownian loops in two dimensions known as the “Brownian loop soup,” and compute
their correlation functions analytically and in closed form. The loop soup is a conformally
invariant statistical ensemble with central charge c = 2λ, where λ > 0 is the intensity of
the soup. Previous work identified exponentials of the layering operator eiβN(z) as primary
operators. Each Brownian loop was assigned ±1 randomly, and N(z) was defined to be the
sum of these numbers over all loops that encircle the point z. These exponential operators
then have conformal dimension λ10(1−cosβ). Here we generalize this procedure by assigning
a more general random value to each loop. The operator eiβN(z) remains primary with
conformal dimension λ10(1−φ(β)), where φ(β) is the characteristic function of the probability
distribution used to assign random values to each loop. Using recent results we compute in
closed form the exact two-point functions in the upper half-plane and four-point functions
in the full plane of this very general class of operators. These correlation functions depend
analytically on the parameters λ, βi, zi, and on the characteristic function φ(β). They
satisfy the conformal Ward identities and are crossing symmetric. As in previous work, the
conformal block expansion of the four-point function reveals the existence of additional and
as-yet uncharacterized conformal primary operators.
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1 Introduction
Conformally invariant theories in two dimensions are of great interest, both due to their
wide applicability to various physical systems and to the high degree of analytic control
conformal symmetry provides [1–4]. Some conformal theories can be defined via a local
Lagrangian density, others are defined by a random ensemble or statistical system. One as
yet little explored theory in the latter class is the so-called Brownian Loop Soup (BLS) [5].
Very recently, the discovery of a new technique allowed for the four-point function of certain
operators in the BLS on the plane (and the two-point function in the upper half-plane) to
be calculated analytically and in closed form [6]. While the precise relation of the BLS
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to other, better-known conformal field theories (CFTs) remains obscure, this result should
provide a key tool in exploring these connections.
As the name suggests, the ingredients of the soup are Brownian loops – random Brow-
nian motions that return to the same point after some specified Brownian “time” t, so that
they form (generally self-intersecting) closed loops. Due to the well-known fact that the
standard deviation of the excursion in Brownian motion scales as
√
t, the mean area of such
a loop is proportional to
√
t
2
= t.
The BLS ensemble is a “Poissonian gas” of these random loops, with locations z chosen
uniformly randomly (i.e. with measure d2z) in some two dimensional domain, and with
time durations chosen randomly with measure dt/t2. Since t has dimensions of area, the
scale invariant measure on a single loop is
dµloop =
1
2pi
d2z
dt
t2
dµbr(z, t), (1.1)
where dµbr(z, t) is the measure for a Brownian loop at z with duration t (known as the
complex Brownian bridge measure).
The partition function of the full BLS with intensity λ > 0 is
Z = 1 +
∞∑
n=1
λn
n!
n∏
k=1
∫
dµloop = exp
(
λµloop
)
. (1.2)
Each term in the sum over n corresponds to a configuration of exactly n loops, weighted by
λn, and divided by n! (to account for identical configurations). The product and integral
is over all possible shapes of the n loops.
The BLS turns out to be more than just scale invariant – it is fully conformally invariant
in a very strict sense [5] and has central charge1 [7]
c = 2λ. (1.3)
This formula for the central charge can be derived in an illuminating way by considering a
massless, free scalar field (a Gaussian free field) in two spatial dimensions, which is well-
known to be a CFT with c = 1. The logarithm of the partition function for the free field
satisfies [7]
µloop = 2 logZfree boson. (1.4)
Because the central charge is additive in the logarithm of Z (for instance, the central
charge of two non-interacting theories is the sum of their central charges) the relation (1.4)
establishes the relation (1.3). Furthermore, it shows that the BLS with intensity λ can be
thought of as “2λ copies of a free field.” This suggests that for half-integer λ, the theory
may have special or simplifying features [8–10].
Another implication of (1.3) is that the theory cannot be a unitary (or reflection posi-
tive) CFT for generic λ < 1/2. The only unitary CFTs with c < 1 are the minimal models,
1Note that in some references the central charge was incorrectly given as c = λ.
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and these exist only for a discrete set of possible values of c. Of course, there is no reason
for a statistical ensemble such as the BLS to be described by a unitary theory (for instance,
critical percolation is non-unitary). However, one sees that the BLS does have some of the
“healthy” features of unitary CFTs: the central charge is always positive, and the conformal
dimensions of all the primary operators we will define and find via the conformal block
expansion are positive as well.
1.1 Background and previous work
The BLS has no known Lagrangian description (at least for λ 6∈ Z/2). However, to charac-
terize it more fully we can attempt to identify physically natural quantities in the theory,
and the primary operators that compute them. Indeed, the genesis of this project was [11],
which was attempting to find a description of future infinity of eternal inflation. There,
the idea was that phase transitions would produce spherical bubbles that would expand,
collide, and overlap. Due to the translation invariance and exponential growth with con-
stant Hubble parameter of de Sitter spacetime, these bubbles would have a scale-invariant
distribution of radii and uniformly random center locations – that is, they would form a
scale-invariant distribution rather similar to that of the BLS, but composed of disks (or in
higher dimensions, spheres) rather than random loops.
If two or more types of phase transitions are possible, the bubbles at future infinity
will have a label attached to them characterizing which type of transition they represent.
A simple example is a field theory with a periodic potential, where transitions from any
given phase can either shift the field to the minimum to the right or to the left of the initial
point. In this model each disk on future infinity can be characterized as +1 or −1, and the
signed sum over all disks overlapping a given point gives the total shift of the field at that
point from some fiducial initial value.
In the “disk model” of [11] this corresponds to randomly assigning ±1 to each disk with
equal probability, and then defining a field N(z) = N+(z)−N−(z) that counts the overlaps.
It turns out that N(z) is a field with dimension zero, and the “vertex operators” eiβN(z) are
conformal primaries. Because N assumes integer values, the dimension of vertex operators
in the disk model
∆(β) = piλ(1− cosβ) (1.5)
is a periodic function of β.
As a putative CFT, the disk model of [11] has an apparent flaw. While the authors were
able to prove that the disk distribution is translation invariant and invariant under global
conformal transformations – rotations, dilitations, and special conformal transformations
– they showed by direct computation that the four-point function of primaries exhibits
a pathology, namely a non-analyticity when the fourth operator crosses the circle that
connects the other three. This likely indicates that the theory is not locally conformally
invariant.2
2If so, this is a rare example: a theory invariant under scaling, rotations, and special conformal trans-
formations, but not local conformal transformations.
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In [7], the authors attempted to rectify this deficiency by considering the BLS rather
than the disk ensemble of [11]. Because the BLS is provably fully conformally invariant,
[7] speculated that the correlation functions of the analogous “vertex” operators would be
meromorphic and that the theory would define a proper CFT. In fact, [7] identified two
distinct classes of operators: “layering” operators analogous to those defined in [11], where
each loop is assigned ±1 with equal probability and the operator N(z) counts the signed
sum over all loops with outer boundaries that encircle (or layer) the point z (Fig. 1),
and “winding operators” where the loop is assigned an orientation and Nw(z) counts the
sum of the winding numbers of all loops at z (where loops that do not encircle z have
winding number zero). Either of these can be given a physical interpretation similar to
the one described above: if the Brownian loops themselves (for the winding operator) or
their outer boundaries (for the layering operator) represent a domain wall or charged object
across which some quantity (like the value of a scalar field, or the electric field) changes
discontinuously, then these operators are counting the value of that field at the point z (this
is also known as a height model). The layering and winding vertex operators in the infinite
intensity limit have been studied in [12, 13].
1.2 Relation to known CFTs
Statistical models that can be described in terms of random loops include the so-called
random-cluster models [14], the Ising model, the q-state Potts model, and the O(n) vector
model. In fact, the O(n) model in the limit n→ 0 can be used to determine the conformally
invariant ensemble of single self-avoiding loops [15]. Through a uniqueness theorem of
Werner [16], this same ensemble also describes the outer boundaries of conformally invariant
Brownian loops, which our layering number vertex operators are sensitive to. This is the
tool that made the results of [6] for the four-point function in the plane possible to obtain.
The Conformal Loop Ensembles CLEκ with parameter 83 < κ ≤ 4 describe the scaling
limit of loop cluster boundaries in various critical statistical models [17, 18]. For intensities
0 < λ ≤ 12 , the BLS is related to the CLEκ through λ = (3κ−8)(6−κ)4κ .
2 Summary and results
In this note we will present a natural generalization of the BLS operators defined in [7].
Rather than assigning ±1 to each loop, we will assign some more general random labels.
For instance, we will consider assigning a real number drawn from a probability distribution
function (PDF) such as a normal distribution, with support on a continuous interval rather
than on the integers. In this case, the operator N(z) in a particular ensemble of loops will
take a value equal to the sum over all these random variables for the loops that encircle the
point z (and zero for any loop that does not). Another generalization is to assign a vector,
and then study correlations of the operator eiβ·N(z), where β is a vector of parameters. This
provides a large new class of conformal primaries and a beautifully simple and universal
formula for their conformal dimensions.
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(a) A Brownian loop (dark violet) with
its interior shaded (pale violet).
z1
z3
z2
(b) The interiors of two Brownian loops (pale vi-
olet and pale green) and their area of intersection
(dark green).
Figure 1: The Brownian loop soup is a weighted sum over the number of loops and all
possible configurations of each. (a) A single loop and its interior. In the class of models
considered here, in every configuration the ith loop is assigned a random value xi drawn from
some specified distribution (in the model previously considered this distribution was taken
to be ±1 with equal probability). Correlation functions are computed by summing over loop
configurations and these random distributions. (b) If the violet loop is assigned random
value x1 and green x2, the operator eiβ1N(z1)eiβ2N(z2)eiβ3N(z3) equals eiβ1x1eiβ2x2eiβ3(x1+x2)
for this configuration.
2.1 Correlation functions
We consider n-point correlation functions〈
n∏
j=1
Oβj (zj)
〉
(2.1)
of Oβ(z) ∼ eiβN(z) which are exponentials of i times a real number β times numbering
operator N(z). These correlation functions are a generalized version of those computed in
[6]. Each loop in a given collection of Brownian loops is assigned a random value chosen
from some distribution. Then for each loop that encircles the point z, N(z) receives an
additive contribution. The additive contribution is either the random value assigned to
the loop times 1 (for the layering operator that we will focus on in the rest of the paper,
denoted N(z)), or the random value times the winding number Nw(z) of the loop around z,
cf. Appendix A. It is the choice of distribution for the random variable that generalizes the
work of [6, 7] (where in this language the random variable was ±1 with equal probability),
cf. Fig. 1b.
The Oβ(z) are conformal primary operators with novel conformal scaling dimensions.
They transform under a conformal map f : D → D′ with z′j = f(zj) as〈∏
j
Oβj (z′j)
〉
D′
=
∏
j
|f ′(zj)|−2∆(βj)
〈∏
j
Oβj (zj)
〉
D
. (2.2)
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For exponentials of the layering operator we find (Sec. 3)
∆(β) =
λ
10
(1− φ(β)), (2.3)
and for exponentials of the winding operator (Appendix A)
∆w(β) =
λ
2pi2
∞∑
m=1
1
m2
(1− φ(mβ)). (2.4)
The function φ is the characteristic function of the random variable that multiples the
layering or winding number of each loop
φ(β) = E
[
eiβX
]
, (2.5)
where E[ · ] denotes expectation value with respect to an even probability distribution.
Characteristic functions exist for arbitrary random objects, such as random vectors, random
matrices, and random functions and the form of (2.3) remains valid.
In the upper half-plane, we compute the one- and two-point functions of exponentials
of layering operators (Sec. 4.1) 〈
O˜β1(z1)
〉
H
=|z1 − z1|−2∆1 (2.6)
and 〈
O˜β1(z1)O˜β2(z2)
〉
H
=|z1 − z2|−2(∆1+∆2−∆12)|z1 − z2|2(∆1+∆2−∆12)|z1 − z1|−2∆1 |z2 − z2|−2∆2
× exp
[
−(∆1 + ∆2 −∆12)(1− σ)3F2
(
1, 1,
4
3
; 2,
5
3
; 1− σ
)]
,
(2.7)
where ∆i ≡ ∆(βi), ∆ij ≡ ∆(βi + βj), and σ = |z1−z2|
2
|z1−z2|2 . The tilde in O˜β(z) ∼ eiβN(z)
denotes a normalization appropriate for the upper half plane, chosen so that the coefficient
of the one-point function is unity.
In the full plane, correlations functions of layering vertex operators vanish unless the
“charge conservation condition”
n∑
j=1
βj =
2pi
b
k (2.8)
is imposed, where k is an integer if the random variable X is given by a lattice distribution
(the period b is the lattice spacing), and k = 0 otherwise. When this condition holds, the
two-, three-, and four-point functions of the normalized exponentials of layering operators
are
〈Oβ1(z1)Oβ2(z2)〉C = |z1 − z2|−4∆1 , (2.9)〈
3∏
i=1
Oβi(zi)
〉
C
= |z1 − z2|−2(∆1+∆2−∆3)|z1 − z3|−2(∆1+∆3−∆2)|z2 − z3|−2(∆2+∆3−∆1),
(2.10)
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and〈
4∏
i=1
Oβi(zi)
〉
C
= exp
−2A(x)
 4∑
i=1
∆i −
4∑
j=2
∆1j
 ∣∣∣∣z13z24z12z34
∣∣∣∣−2∆12 ∣∣∣∣z13z24z14z23
∣∣∣∣−2∆14
×
∣∣∣∣z12z14z24
∣∣∣∣−2∆1 ∣∣∣∣z12z23z13
∣∣∣∣−2∆2 ∣∣∣∣z23z34z24
∣∣∣∣−2∆3 ∣∣∣∣z14z34z13
∣∣∣∣−2∆4 ,
(2.11)
where zij ≡ zi − zj , x ≡ z12z34z13z24 is the cross-ratio, and
A(x) =
1
4
[
x 3F2
(
1, 1,
4
3
; 2,
5
3
;x
)
+ x 3F2
(
1, 1,
4
3
; 2,
5
3
;x
)]
− 6µ|x(1− x)| 23
∣∣∣∣2F1(23 , 1; 43;x
)∣∣∣∣2 (2.12)
with
µ =
2
1
3pi2
3
√
3Γ
(
1
6
)2
Γ
(
4
3
)2 . (2.13)
The normalization of Oβ(z) ∼ eiβN(z) is again chosen so that the coefficient of the two-
point function is unity. Remarkably, with this choice the three-point functions coefficients
are unity as well [6].
3 New scaling dimensions of layering operators
As we explained in the introduction, the disc model of [11] and the loop model of [7] were
defined by randomly assigning a binary variable ±1 to each disc or loop in the ensemble.
We now generalize this procedure by assigning arbitrary random objects to the loops in the
ensemble and compute new, previously unknown conformal dimensions. From this point
on we only consider loops in the BLS and exponentials of the layering number which are
conformal primaries.
One of the main results of [7] was an explicit formula for n-point functions of exponential
layering operators in the BLS in terms of their weights and charges βj〈
n∏
j=1
eiβjN(zj)
〉
D
=
∏
S⊆{z1,...,zn}
S 6=∅
exp
−λαD(S|Sc)
1− cos∑
i∈IS
βi
 . (3.1)
The product on the right-hand side is over all nonempty subsets S ⊆ {z1, . . . , zn} and IS
denotes the set of indices i corresponding to the points zi ∈ S. The αD(S|Sc) are the
weights of the sets of loops that encircle the points in S but not those in Sc according to
the Brownian loop measure
αD(S|Sc) = µloop(γ : diam(γ) > δ, γ ⊆ D, z ∈ γ ∀z ∈ S, z 6∈ γ ∀z ∈ Sc). (3.2)
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The loops are contained in the domain D, which in this paper is the upper half-plane H or
the full plane C. It is understood that no subscript refers to the full plane, i.e. α ≡ αC and
〈 · 〉 ≡ 〈 · 〉C.
In the next section we derive the general scaling dimensions for layering operators N
and in Sec. 3.2 we generalize (3.1). Specific examples of correlation functions involving
random scalar, vector, matrix and random function regularizations are given in Sec. 3.4.
In Sec. 4 we apply those results to correlation functions in the upper half plane, as well as
the full plane. It is possible to naturally extend this generalization to the winding operator
which is given in Appendix A. It is noteworthy, however, that the results in the upper half
plane, as well as the four-point function in the full plane (Sec. 4) are not known for winding
operators due to our ignorance regarding the appropriate weights of loops winding around
certain sets of points.
3.1 Scaling dimensions
We now derive the scaling behavior of the one-point function of exponential layering oper-
ators. Due to conformal invariance, the one-point function vanishes in the plane. However,
evaluating it in a disk of radius R (or alternatively, with a cutoff on the diameter of the
loops, defined as the largest distance between any pair of points on the loop) reveals the
scaling dimensions of the conformal primaries. This computation is meant to be illustrative
and to showcase the origin of new scaling dimensions. A more general approach is shown
in Sec. 3.2.
The idea considered in this paper is to assign a random object X to every loop in the
ensemble. The operator N(z) is equal to the sum over all these objects for each loop with
an outer boundary that encircles the point z. The one-point function is then〈
eiβN(z)
〉
δ,R
= E
[
eiβN(z)
]
=
∞∑
k=0
E
[
eiβN(z)|Lk
]
P (Lk),
(3.3)
where
Lk = {η : | {γ ∈ η : z ∈ γ¯, δ ≤ diam(γ) < R} | = k} (3.4)
is the ensemble of k loops that cover the point z. The cutoffs δ and R on the smallest
and largest diameters of loops which are necessary to render the result finite, and P (Lk) =
(λα)k
k! e
−λα is Poissonian since every loop in the ensemble is independent.
The expectation value E[ · ] is taken with respect to a probability distribution. If
the mean of the distribution is non-zero we can simply replace X with X − E[X], which
corresponds to absorbing the effect of the non-zero mean into the normalization of the
exponential operators.
Therefore, we will assume the mean vanishes and we also require that the distribution
is even. As we will see, the latter requirement guarantees that the conformal dimensions
are real. It can also be motivated by considering the BLS on a sphere, where there is
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no distinction between the inside and the outside of a loop and the charge conservation
condition (2.8) is required for consistency. One of the results of [6] was that the weights
that contribute to all correlation functions (in the plane and on the sphere) are symmetric
under β → −β, so that only the even part of the distribution contributes. Therefore without
loss of generality we can require the distribution to be even.
First we evaluate the expectation value
E
[
eiβN(z)|Lk
]
= E
[
eiβ
∑∗Xγ |Lk] (3.5)
= E
[
eiβX
]k
. (3.6)
The second equality follows from the fact that all loops are independent of each other; we
used the notation
N(z) =
∑
γ∈η,z∈γ¯
δ≤diam(γ)<R
Xγ =
∑∗
Xγ . (3.7)
The function
φ(β) ≡ E
[
eiβX
]
(3.8)
is the characteristic function of the probability distribution for X, the properties of which
we analyze in detail in Sec. 3.3. This allows us to evaluate the one-point function〈
eiβN(z)
〉
δ,R
=
∞∑
k=0
φ(β)k
(λα)k
k!
e−λα = e−λα(1−φ(β)), (3.9)
where α ≡ αC(z) = µloop(γ : z ∈ γ¯, δ ≤ diam(γ) < R) is the weight that a single loop
covers any point, with a short-distance cutoff δ and a long-distance cutoff R. It was shown
in [7] that α = 15 log
R
δ and so we obtain〈
eiβN(z)
〉
δ,R
=
(
R
δ
)−λ
5
(1−φ(β))
=
(
R
δ
)−2∆(β)
. (3.10)
This vanishes in the limit δ → 0, but the δ dependence can be absorbed into a multiplicative
normalization of eiβN to define an operator Oβ that remains finite when δ is taken to
zero (this is the analogue of wave-function renormalization in quantum field theory). The
one-point function (3.10) also vanishes as R → ∞ because it does not satisfy the charge
conservation condition (2.8). In the rest of the paper, we will consider only correlations
functions that satisfy (2.8) and can therefore define them in the limit δ → 0, R→∞.
We can read off the scaling dimension easily from the behavior under rescaling R. The
conformal dimension is evidently
∆(β) =
λ
10
(1− φ(β)), (3.11)
correctly reproducing a result of [7] when φ(β) = cos(β).
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3.2 Correlation functions
To confirm and to generalize (3.11) to the n-point functions, one can follow the derivation
of the general correlation function in [7]. The generalization of (3.1) is simply〈
n∏
j=1
eiβjN(zj)
〉
= E
[
ei
∑n
j=1 βjN(zj)
]
=
∏
S⊆{z1,...,zn}
S 6=∅
exp
−λα(S|Sc)
1− φ
∑
i∈IS
βi
 . (3.12)
As we discuss in the next section, the values of βj must obey the so called “charge conser-
vation condition”
n∑
j=1
βj = 0. (3.13)
Additional conditions are permissable for periodic characteristic functions with
n∑
j=1
βj =
2pi
b
k, k ∈ Z, b ∈ R (3.14)
which are discussed in Sec. 3.4.1.
3.3 Characteristic functions
The expectation values we encountered (3.8) are the Fourier transforms of probability dis-
tributions and are known as characteristic functions. We now discuss their properties.
For a real-valued random variable the characteristic function
φ(β) =
∫
dx p(x)eiβx (3.15)
always exists and is uniformly continuous. It is
bounded |φ(β)| ≤ 1, (3.16a)
normalized φ(0) = 1, (3.16b)
Hermitian φ(−β) = φ(β). (3.16c)
The characteristic function is real if and only if the probability distribution is even. We
also see that an even probability density function produces an even characteristic function.
As we mentioned earlier, only even distributions define sensible CFTs in the plane and on
the sphere.
We note that properties (3.16a) and (3.16b) ensure that the conformal dimensions are
non-negative and vanish in at least one point:
∆(β) ≥ 0,
∆(0) = 0.
(3.17)
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0.0 0.5 1.0 1.5 2.0 2.5
β0.2
0.4
0.6
0.8
1.0
Δλ/10
σ 1 2 4
(a) Conformal dimensions of the vertex oper-
ators when the distribution is a single Gaus-
sian random variable, for several values of the
standard deviation.
0 5 10 15
β
0.5
1.0
1.5
2.0
Δλ/10
d 1 2 3 4
(b) Conformal dimensions of the vertex op-
erators when the distribution is random vec-
tors of unit length in several different dimen-
sions d.
Figure 2: Two examples of conformal dimensions ∆(β) are shown as a function of β.
We can now easily generalize from scalar variables and discuss random vectors, random
matrices, and random functions. The properties (3.16) apply to characteristic functions of
these distributions as well.
Multivariate random variables can be interpreted as random vectors, which may have
random lengths, as well as random orientations. For a d-dimensional random complex
vector β,X ∈ Cd we have
φ(β) = E
[
exp
(
iRe
(
β†X
))]
, (3.18)
where † denotes the conjugate transpose. Similarly, one can consider random matrices
B,X ∈ Rd×d′ and their characteristic function
φ(B) = E
[
exp
(
i tr(B†X)
)]
, (3.19)
where tr(·) denotes the trace. Random functions can be thought of as infinite-dimensional
random vectors and we are dealing with a characteristic functional. For square integrable
functions x, β on some domain V , one may compute
φ[β] = E
[
exp
(
i
∫
V
dt β(t)x(t)
)]
. (3.20)
There are not many random functions for which this expression can be evaluated analyti-
cally. Some cases, such as random Gaussian functions which is the continuum limit of the
multivariate normal distribution, are known.
3.4 Examples
A simple example is a Gaussian random variable with zero mean
p(x) =
1√
2piσ
e−
x2
2σ2 , (3.21)
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that has the characteristic function
φ(β) = E
[
eiβX
]
= e−
1
2
σ2β2 .
(3.22)
The corresponding conformal dimensions
∆(β) =
λ
10
(
1− e− 12σ2β2
)
(3.23)
are plotted in Fig. 2a.
Next, let us compute the characteristic function of a real d-dimensional random vector
X ∈ Rd of unit length |X| = 1. For fixed β ∈ Rd we average the random vector over all
orientations of X. Due to the O(d) symmetry of the problem, the characteristic function
is only a function of β = |β|. One obtains
φ(β) = E
[
eiβ·X
]
=
1
Sd−1
∫
dΩ eiβ·X
= 0F1
(
;
d
2
;−β
2
4
)
,
(3.24)
where we denote the surface of the d− 1-sphere
Sd−1 =
∫
dΩ =
2pi
d
2
Γ
(
d
2
) . (3.25)
0F1 is known as the confluent hypergeometric function3 and it has the properties
0F1(; a; 0) = 1,
lim
x→∞ 0F1(; a;−x) = 0 if a > 1.
(3.26)
The case a = d2 = 1 is of particular interest and discussed in Sec. 3.4.2. The conformal
dimensions
∆(β) =
λ
10
(
1− 0F1
(
;
d
2
;−β
2
4
))
(3.27)
are plotted in Fig. 2b.
3It is e.g. related to the Bessel function of the first kind via
0F1(; a;−b) = Γ(a)b
1−a
2 Ja−1(2
√
b).
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3.4.1 Periodic characteristic functions
We now study a class of scalar probability distributions of special interest. A lattice distri-
bution is a distribution for which the probabilities are non-zero only for points that form
a subset of a lattice, P (X ∈ a+ bZ) = 1 for real a, b. A characteristic function is periodic
with real period if and only if it belongs to a lattice distribution which has the origin as
a lattice point, i.e. a = 0 [19]. In other words, periodic characteristic functions belong to
scalar probability density functions of the form
p(x) =
∞∑
n=−∞
pnδ(x− bn) with
∞∑
n=−∞
pn = 1. (3.28)
The associated characteristic functions
φ(β) =
∞∑
n=−∞
pne
iβbn (3.29)
always exist, are single valued and analytic around the origin, and are periodic with real
period 2pi/b. When β obeys the “charge conservation” condition
β∗ =
2pi
b
k, k ∈ Z (3.30)
we have φ(β∗) = φ(0) = 1. Real, even, periodic characteristic functions belong to even
lattice distributions with pn = p−n. Note that characteristic functions with imaginary
periods exist, but, for our purposes, are not of interest.
3.4.2 The Bernoulli distribution
It is now apparent that the conformal dimensions of the exponential of the layering number
from [6, 7] are a special case of the more general prescription. As we discussed in the
introduction, the authors assigned ±1 to each loop with equal probability and defined
N(z) = N+(z) − N−(z). For random variables distributed according to the Bernoulli
distribution
p(x) =
1
2
[δ(x− 1) + δ(x+ 1)] , (3.31)
the characteristic function is
φ(β) = cosβ. (3.32)
Alternatively, this result can be understood as a one-dimensional random vector of unit
length. From (3.24) and d = 1
0F1
(
;
1
2
;−β
2
4
)
= cosβ. (3.33)
We thus reproduce the conformal scaling dimension of the exponential of the layering op-
erator from the previous work
∆(β) =
λ
10
(1− cosβ), (3.34)
which has period 2pi, as shown in Fig. 2b.
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4 Applications
We now compute correlation functions of our generalized operators in the BLS using the
results of [6]. We show the results for the one- and two-point function in the upper half
plane, as well as for the four-point function in the full plane. With the latter we obtain the
generalized three-point function coefficients in the BLS.
We denote the conformal dimensions by
∆j =
λ
10
(1− φ(βj))
and ∆ij =
λ
10
(1− φ(βi + βj)),
(4.1)
where φ is a characteristic function drawn from the set of functions we described in the
previous section.
4.1 In the upper half-plane
We normalize the exponentials of layering operators in the upper half-plane H by
O˜β(z) ≡
(
2δe−5αˆ
)−2∆(β)
eiβN(z), (4.2)
where αˆ = µloop(γ : diam(γ) > 1, γ ⊆ H, z1 ∈ γ¯) is the constant weight of the loops with
diameter greater than or equal to 1 contained in H and winding around the point z = i.
The n-point correlation functions are defined by the limit〈
n∏
j=1
O˜βj (zj)
〉
= lim
δ→0
〈∏n
j=1 e
iβjN(zj)
〉
(2δe−5αˆ)2
∑n
j=1 ∆j
. (4.3)
The one-point function is 〈
O˜β1(z1)
〉
H
=|z1 − z1|−2∆1 (4.4)
and the two-point function is〈
O˜β1(z1)O˜β2(z2)
〉
H
=|z1 − z2|−2(∆1+∆2−∆12)|z1 − z2|2(∆1+∆2−∆12)|z1 − z1|−2∆1 |z2 − z2|−2∆2
× exp
[
−(∆1 + ∆2 −∆12)(1− σ)3F2
(
1, 1,
4
3
; 2,
5
3
; 1− σ
)]
,
(4.5)
where σ = |z1−z2|
2
|z1−z2|2 . The multiplicative factor in (4.2) was chosen so that (4.4) is canonically
normalized.
4.2 In the full plane
The one-point function in the full plane vanishes, and the two- and three-point functions
are determined by their scaling dimensions and three-point function coefficients alone, as
given in (2.9) and (2.10).
– 14 –
4.2.1 The four-point function
The first non-trivial correlation function of primary operators in a CFT is the four-point
function, which is of the form
〈ϕ1(z1)ϕ2(z2)ϕ3(z3)ϕ4(z4)〉 = f(x)
4∏
i=1<j
z
∆/3−∆i−∆j
ij z¯
∆¯/3−∆¯i−∆¯j
ij , (4.6)
where ϕi are four not necessarily identical primary operators, zij = zi − zj , ∆ =
∑4
i=1 ∆i,
and f(x) is a function only of the cross ratio
x =
z12z34
z13z24
. (4.7)
Consider four points z1, z2, z3, z4 and assume in what follows that the letters i, j, k, ` ∈
{1, 2, 3, 4} are always different. Using (3.1), the four-point function can be written as〈
4∏
j=1
eiβjN(zj)
〉
= exp
[
− λ
(
4∑
i=1
(1− φ(βi))α(zi|zj , zk, z`)
+
4∑
i,j=1
i<j
(1− φ(βi + βj))α(zi, zj |zk, z`)
+
4∑
i=1
(1− φ(βj + βk + β`))α(zj , zk, z`|zi)
+(1− φ(β1 + β2 + β3 + β4))α(z1, z2, z3, z4)
)]
,
(4.8)
where the weights α of loops encircling points in the full plane are defined in (3.2). Imposing
the charge conservation condition and utilizing that the characteristic functions need to be
even, the four-point function becomes〈
4∏
j=1
eiβjN(zj)
〉
= exp
[
− λ
(
4∑
i=1
(1− φ(βi))αS(zi|zj , zk, z`)
+
4∑
j=2
(1− φ(β1 + βj))αS(z1, zj |zk, z`)
)]
,
(4.9)
where we denoted the weights
αS(S|Sc) ≡ α(S|Sc) + α(Sc|S) (4.10)
for non-empty subsets of points S ⊆ {z1, z2, z3, z4}, with Sc denoting the complement of S.
For instance, αS(z1|z2, z3, z4) = α(z1|z2, z3, z4) + α(z2, z3, z4|z1).
A detailed derivation of the weights αS is given in [6]. Using the definitions
A(x) =
1
4
[
x 3F2
(
1, 1,
4
3
; 2,
5
3
;x
)
+ x 3F2
(
1, 1,
4
3
; 2,
5
3
;x
)]
− 6µ|x(1− x)| 23
∣∣∣∣2F1(23 , 1; 43;x
)∣∣∣∣2 (4.11)
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Figure 3: The non-zero products C(p,p
′)
34 C
(p,p′)
12 are shown for generic scaling dimensions up
to order O(x4).
with
µ =
2
1
3pi2
3
√
3Γ
(
1
6
)2
Γ
(
4
3
)2 (4.12)
we obtain the four-point function of exponentials of layering operators in the BLS〈
4∏
j=1
Oβj (zj)
〉
= exp
−2A(x)
 4∑
i=1
∆i −
4∑
j=2
∆1j
 ∣∣∣∣z13z24z12z34
∣∣∣∣−2∆12 ∣∣∣∣z13z24z14z23
∣∣∣∣−2∆14
×
∣∣∣∣z12z14z24
∣∣∣∣−2∆1 ∣∣∣∣z12z23z13
∣∣∣∣−2∆2 ∣∣∣∣z23z34z24
∣∣∣∣−2∆3 ∣∣∣∣z14z34z13
∣∣∣∣−2∆4 ,
(4.13)
where the δ → 0 limit has been performed analogously to (4.3) with the normalization
Oβ(z) ≡
(
2δe
− pi√
3
−5αˆ)−2∆
eiβN(z) = e
− pi√
3 O˜β(z) (4.14)
chosen such that the two-point function (2.9) is canonically normalized.
It is easy to confirm that the four-point function (4.13) satisfies the conformal Ward
identities. Crossing symmetry implies that (4.13) is invariant under the exchange of any
pair of indices, which is guaranteed by the following identities:
A(x)−A(1− x) = 0
A(x)−A(1/x) + log |x| = 0. (4.15)
4.2.2 Conformal block expansion and three-point coefficients
The four-point function of a conformal field theory contains information about the three-
point function coefficients, as well as the spectrum of primary operators. To obtain this
data, one makes use of the operator algebra by performing a conformal block expansion. We
carried out this expansion using the results from the Bernoulli-distribution regularization
in previous work. Again, we extend the work to the general case.
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By setting z1 =∞, z2 = 1, z3 = x and z4 = 0 we define
G2134(x) = limz1→∞
z2∆11 z¯
2∆¯1
1 〈Oβ1(z1)Oβ2(1)Oβ3(x)Oβ4(0)〉C , (4.16)
where ∆¯1 = ∆1 in our case (note that later on we will consider operators with spin,
∆(p,p
′) 6= ∆¯(p,p′)). We can now proceed to expand the four-point function in Virasoro
conformal blocks
G2134(x) =
∑
P
CP34C
P
12F2134 (P|x)F¯2134 (P|x¯). (4.17)
The sum over P runs over all primary operators in the theory, and the CPij are the three-
point function coefficients of the operators labeled by i, j with P. Each P with a non-zero C
contributes a term consisting of a holomorphic function times an anti-holomorphic function
of the cross-ratio. The Virasoro conformal blocks depend only on x, the central charge c,
and the conformal dimensions ∆i,∆P of the five operators.
By equating (4.16) and (4.17) order by order in x, x¯, we can solve for the three-point
coefficients CP34CP12. A detailed analogous discussion and derivation is given in [6]. We find
the following results. The conformal dimensions of the conformal primary operators under
general regularizations are given by
∆(p,p
′) =
λ
10
(1− φ(β1 + β2)) + p
3
∆¯(p,p
′) =
λ
10
(1− φ(β1 + β2)) + p
′
3
.
(4.18)
In Fig. 3, we show some non-zero three-point coefficients that appear in expansion (4.17).
Note that the series expansion does not terminate at finite order.
The first few terms that appear on the diagonal C(n,n)34 C
(n,n)
12 are
C
(0,0)
34 C
(0,0)
12 = 1 (4.19)
C
(1,1)
34 C
(1,1)
12 =
6
5
λµ[1− φ(β1)− φ(β2)− φ(β3)− φ(β4)
+ φ(β1 + β2) + φ(β1 + β3) + φ(β1 + β4)]
(4.20)
and for n ≤ 3 we have
C
(n,n)
34 C
(n,n)
12 =
1
n!
(
C
(1,1)
34 C
(1,1)
12
)n
. (4.21)
The next term has contributions from the hypergeometric function 3F2 from (4.11) and is
significantly more complicated.
The first off-diagonal term is
C
(0,3)
34 C
(0,3)
12 =
λ
20
[
(φ(β1)− φ(β2))(φ(β3)− φ(β4))
1− φ(β1 + β2) − φ(β1 + β3) + φ(β1 + β4)
]
. (4.22)
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This term vanishes identically if we identify φ(·) → cos(·) but does not vanish generally.
The next two terms are
C
(1,4)
34 C
(1,4)
12 =
λ
20
C
(1,1)
34 C
(1,1)
12
×
[
3λ(φ(β1)− φ(β2))(φ(β3)− φ(β4))
10 + 3λ(1− φ(β1 + β2)) − φ(β1 + β3) + φ(β1 + β4)
] (4.23)
C
(2,5)
34 C
(2,5)
12 =
λ
40
(
C
(1,1)
34 C
(1,1)
12
)2
×
[
3λ(φ(β1)− φ(β2))(φ(β3)− φ(β4))
20 + 3λ(1− φ(β1 + β2)) − φ(β1 + β3) + φ(β1 + β4)
]
.
(4.24)
While it is straightforward to obtain all other three-point function coefficients, they
grow in length rapidly, and we chose not to quote them here. The results for some special
cases for which some of those simplify significantly are given again in [6].
5 Other results
5.1 Relation to the free boson
The partition function of the BLS (1.2) has been identified with the partition function of a
free, massless, real bosonic feld in two Euclidean dimensions when the intensity and central
charge satisfy c = 2λ = 1 [7]. The BLS partition function for general intensity can then be
related to the bosonic one through
Z(λ) = Z(1/2)2λ. (5.1)
This relation is a characteristic of the distribution of the loops themselves, not the random
variables we have attached to them, and thus is still valid here. Note that one could interpret
(5.1) by saying that the BLS with intensity λ corresponds to 2λ copies of the free field.
However, the operators we consider do not to our knowledge have a simple representation
in terms of the free field.
Furthermore, (3.12) and (A.1) show that a similar relation holds for the n-point corre-
lation functions. The BLS weights α are independent of the intensity, and so〈
n∏
j=1
eiβjN(zj)
〉
D,λ
=
〈
n∏
j=1
eiβjN(zj)
〉2λ
D,λ=1/2
. (5.2)
5.2 Free field limit
The characteristic functions are moment generating
E
[
xk
]
=
1
ik
dk
dβk
φ(β)
∣∣∣∣
β=0
. (5.3)
It follows that if the kth derivate of φ at 0 does not exist then moments greater or equal
than k do not exist.
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Earlier we have seen that all sensible characteristic functions for our purpose are even
and have the property that φ(0) = 1. This means that if the variance (the second moment)
of the distribution exists, the first derivative of φ vanishes at the origin.
Given that the variance of the probability distribution exists, there exists a limit in
which the correlators in the full plane become those of free field vertex operators. Consider
now taking βi → 0 and λ→∞ with the product λβ2i fixed (this limit is discussed in detail
in [12]). The Taylor expansion of the characteristic function is
φ(β) = 1− 1
2
E
[
x2
]
β2 +O(β4), (5.4)
so we can express the conformal dimensions in this limit as
lim
β→0,λ→∞
∆(β) =
λ
20
E
[
x2
]
β2. (5.5)
If we define a new field ψ by βN(z) =
√
2γψ with
γ =
√
λ
20
E [x2]β, (5.6)
it can be shown analogously to [11] that all n-point functions in this limit reduce to n-point
functions of free-field vertex operators〈
n∏
j=1
Oβj (zj)
〉
→
n∏
i,j=1
i<j
|zij |4γiγj =
〈
n∏
j=1
ei
√
2γjψ(zj)
〉
. (5.7)
6 Conclusions
Our results generalize those already obtained in [6, 7] to a very large class of models charac-
terized by the random distribution used to assign values to each loop in computing the value
of the layering operator N . The conformal weights of the exponentials of N are determined
by the characteristic function of the random distribution, and the correlation functions can
be straightforwardly derived using the results of [6].
The results raise many further interesting questions. Our future efforts will focus
on understanding the relation between these models and other known 2D conformal field
theories. As of now we are aware of only two direct connections. First, the partition
function of n free massless bosons can be understood as a BLS with intensity λ = n/2 [7],
and a connection with the free field is discussed in [10] for the winding model on a lattice
with λ = 1/2. However, the layering operator N(z) considered here (and in [6, 7]) is very
non-local when expressed in terms of the free field, and it is unclear what the choice of
distribution for the random values corresponds to in the free field language.
The second connection is to the n→ 0 limit of the O(n) model, which can be used to
deduce the conformally invariant weights of the ensemble of a single self-avoiding loop in
the plane [15], and from there, the weights of loops in the BLS and the correlation functions
we computed here [6]. There are no primary operators in the O(n) model with the weights
we have computed, so the connection is indirect, but we intend to explore this more deeply
in future work.
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A The winding operator
The winding operator Nw(z) counts the total number of windings of all loops around a point
z, where each loop is assigned a random orientation. Here, we consider a generalization
where each loop is assigned a random value that multiplies the winding number of that
loop.
We can extend the analysis of Sec. 3.2 to exponentials of winding-number correlation
functions. The main difference from the layering case is that winding number correlation
functions factorize into classes of distinct number of windings around each insertion point,
since each loop γ in an ensemble has an integer number of windings θγ(zi) = ki around
each insertion point zi. Extending the derivation as given in [7], we find a formula of the
winding correlation functions very similar to (3.12):〈
n∏
j=1
eiβjNw(zj)
〉
D
=
∏
S⊆{z1,...,zn}
S 6=∅
∏
K∈Z|S|
exp
−λαD(S|Sc;K)
1− φ
∑
i∈IS
kiβi
 .
(A.1)
The weights are given by
αD(S|Sc;K) = µloop(γ : θγ(zi) = ki ∀zi ∈ S, ki ∈ K,Sc ∈ γ¯c, γ ∈ D, δ ≤ diam(γ) < R),
(A.2)
with S ⊆ {z1, . . . , zn} non-empty and K is a multiset containing one integer ki ∈ Z for each
point zi ∈ S. For example, the two-point function in some domainD has a contribution from
loops that cover z1 with winding number k1 and that do not cover z2 with corresponding
weight αD(z1|z2; k1).
We can use this result to compute the scaling dimensions through the one-point func-
tion, analogous to Sec. 3.1. (We remind the reader that it has not been proven that cor-
relation functions of two or more exponentials of winding operators exist in the full plane,
but they do exist on any bounded domain [7].)
From (A.1) we compute〈
eiβNw(z)
〉
δ,R
=
∞∏
k=−∞
e−αC(z;k)(1−φ(kβ)), (A.3)
where loops with zero-winding do not contribute to the one-point function because of
(3.16a). The loop measure for loops winding around a point for k 6= 0 is [7, 20]
αC(z; k) = µ
loop(γ : z ∈ γ¯, θγ(z) = k, δ ≤ diam(γ) < R)
=
1
2pi2k2
log
R
δ
,
(A.4)
which leads to 〈
eiβNw(z)
〉
δ,R
=
(
R
δ
)−2∆w(β)
. (A.5)
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Using property (3.16c), the scaling dimension of winding operator can be written as
∆w(β) =
λ
2pi2
∞∑
k=1
1
k2
(1− φ(kβ)). (A.6)
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